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Abstract
Building on the Utiyama principle we formulate an approach to Lagrangian field theory
in which exterior covariant differentials of vector-valued forms replace partial derivatives,
in the sense that they take up the role played by the latter in the usual jet bundle formu-
lation. Actually a natural Lagrangian can be written as a density on a suitable “covariant
prolongation bundle”; the related momenta turn out to be natural vector-valued forms,
and the field equations can be expressed in terms of covariant exterior differentials of the
momenta. Currents and energy-tensors naturally also fit into this formalism. The exam-
ples of bosonic fields and spin one-half fields, interacting with non-Abelian gauge fields, are
worked out. The “metric-affine” description of the gravitational field is naturally included,
too.
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Introduction
Let E ֌M be a vector bundle. The notion of [exterior] covariant differential of E-valued
exterior forms on M , defined by means of a linear connection of E, can be viewed as a
generalization of the standard covariant derivative; it has been variously present in the lit-
erature for several years, possibly in relation to ideas by Koszul [21, 22]. More recently, the
realization that the Fro¨licher-Nijenhuis bracket yields a natural framework for dealing with
such notions has suggested further generalizations and a systematic study by various au-
thors [9, 10, 33, 29, 30, 32, 31, 20, 14]. In particular, it has been observed that the curvature
tensor of any connection can be regarded as the covariant differential of the connection with
respect to itself.
Thus, in consideration of the Utiyama principle [38, 20, 18], covariant differentials may
provide a convenient setting for natural gauge field theories. Actually one finds, in the General
Relativistic literature, a formulation of Lagrangian field theory on a gravitational background
in which covariant derivatives with respect to the spacetime connection replace partial deriva-
tives [27, 15]. While that formulation explicitely considers only fields with spacetime indices, it
is not difficult to become convinced that, even when the fields have further “internal degrees
of freedom”, labeled by fiber indices that are not “soldered” to spacetime, such limitation
does not invalidate the essential results regarding the properties of the stress-energy tensor of
matter fields (the right-hand side of the Einstein equation).
The main purpose of this paper is to present a generalization of that approach, and to
explore the extent up to which the role of partial derivatives can be taken up by covariant
differentials. The field of an essential gauge field theory is to be described as a couple consisting
of a matter field and a gauge field, namely (φ, κ) : M → F ≡ E×M C where C ֌M is a
bundle of linear connections of E. Denoting by dκ the covariant differential with respect to
κ , we get a “covariant prolongation”
(dκφ,dκκ) : M → (T∗M ⊗E)×M (∧2T∗M ⊗ EndE)
that is suitable for taking up the role of the fields’ jet prolongations used in the standard
formulation of Lagrangian field theory. Indeed, the Lagrangian density can be expressed as
a function on a “covariant prolongation space” DF (rather than a function on the first jet
prolongation space JF ), and we show that various fundamental constructions and results of
the standard theory have a counterpart in this new formulation.
In particular, momenta turn out to be geometrically well-defined objects on DF . In-
finitesimal variations can be introduced as morphisms on DF , and the field equations can be
expressed in terms of covariant differentials of the momenta evalued through the covariant
prolongations of the fields (theorem 2.1). Thus, the field equations can be explicitely written
in coordinate-free form. Currents and canonical energy-tensors can also be revisited in terms
of objects defined on DF .
Above, the baseM can be a generic manifold. Then (§3) we consider the case whenM is a
Lorentzian spacetime—whose structure is regarded as a fixed gravitational background—and
the matter field can have spacetime or spinor indices. These behave differently from the other
internal degrees of freedom, but the formalism can be naturally adapted to this situation and
yields analogous results. In particular the field equations can be written again in terms of
covariant differentials of the momenta. Moreover a generalized replacement theorem holds, so
that the covariant differentials can be replaced by covariant divergences (up to torsion terms).
The usual argument regarding the stress-energy tensor is then reviewed in hopefully clearer
terms from a geometric point of view. Finally we consider concrete examples, giving the
3explicit coordinate-free expressions and the coordinate expressions of the momenta, the field
equations and the energy-tensors for a field of arbitrary integer spin and for a field of spin one-
half, both interacting with non-Abelian gauge fields. We also show how the “metric-affine”
treatment of the gravitational field fits into the covariant-differential formulation.
1 Covariant differential
1.1 Fro¨licher-Nijenhuis bracket and covariant differential
LetM be a sufficiently regular real manifold. A tangent-valued (t.v.) r-form onM is a section
M → ∧rT∗M ⊗TM . If Φ is a t.v. r-form and Ψ is a t.v. s-form then their Fro¨licher-Nijenhuis
bracket [[Φ,Ψ]] is a t.v. (r+ s)-form [29, 30, 31, 20].
Considering the FN-bracket on a fibered manifold p : E ֌M , we are mostly interested
in “basic” t.v. forms E → ∧rT∗M ⊗E TE. In particular, a connection of E ֌M can be
regarded as a special, basic t.v. 1-form κ : E → T∗M ⊗E TE. The covariant differential [29,
30, 32] associated with κ acts on a t.v. r-form Φ as dκΦ ≡ [[κ,Φ]] , which turns out to be a
basic t.v. (r+1)-form if Φ is basic.
In this paper we will mostly deal with the case when E֌M is a vector bundle. We will
explicitly indicate the base manifold in a fiber tensor product only when it is not M . We will
use the shorthand
ΩrE ≡ ∧rT∗M ⊗E ,
and note that
E×
M
ΩrE ∼= ∧rT∗M ⊗
E
VE ֌ E
can be regarded as the bundle of vertical-valued basic r-forms on E (as now the vertical
subspace VE ⊂ TE can be identified with E×M E). In particular, a section φ : M → E
yields the section
φˇ : E → Ω0E ≡ VE : y 7→ (y, φ(p(y))
and dκφˇ is essentially ∇κφ , namely the covariant differential can be regarded as a natural
generalization of the usual covariant derivative.
The latter statement can be intended in a broader sense by observing that the curvature
tensor associated with κ is the section
ρ ≡ −dκκ ≡ −[[κ, κ]] ,
which in turn can be regarded [2] as the covariant derivative of κ with respect to a certain
“overconnection”, i.e. a connection (associated with κ itself) of the bundle of linear connections
of E.
Let
(
xa , yi
)
be linear fibered coordinates on E. We denote the induced fiber coordinates
on ⊗rT∗M and ⊗rT∗M ⊗E by the shorthands
za1...ar ≡ ∂xa1 ⊗ ··· ⊗ ∂xar , z ia1...ar ≡ za1...ar ⊗ yi ,
and use the same symbols for their restrictions to ∧rT∗M and ΩrE. Moreover we set
dxa1...ar ≡ za1...ar |dmx (interior product),
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where dmx ≡ dx1 ∧ ··· ∧ dxm, m ≡ dimM . We obtain a handy “complementary notation” for
basic forms of degree m− r , namely if ξ : E → Ωm−rE then we write
ξ = ξa1...ar i dxa1...ar ⊗ ∂yi = ξ iar+1...am dxar+1 ∧ ··· ∧ dxam ⊗ ∂yi ,
ξa1...ar i = 1
r! ε
a1...ar ar+1...am ξ iar+1...am , ξ
i
ar+1...am
= 1(m−r)! εa1...arar+1...am ξ
a1...ar i .
It is not difficult to show that
dxb ∧dxa1...ar = 1(r−1)! δb[ar dxa1...ar−1] ,
where the above anti-symmetrization over the indices a1 . . . ar does not include normaliz-
ing factorials. Using this identity one computes the “complementary notation” coordinate
expression of dκξ for ξ : E → Ωm−rE, obtaining
dκξ = r
(
∂arξ
a1...ar−1ar i + ∂jξ
a1...ar−1ar i κjar − ξa1...ar−1ar j ∂jκiar
)
dxa1...ar−1 ⊗ ∂yi .
1.2 Generalized replacement principle
In the sequel we will often deal with the special situation when κ is a linear connection and
ξ : M → Ωm−rE (the condition that the “source” manifold be M typically arises when ξ is
obtained by evaluating some object defined on E through a field). Then we get the simplified
expression
dκξ = r
(
∂arξ
a1...ar−1ar i − ξa1...ar−1ar j κ iarj
)
dxa1...ar−1 ⊗ ∂yi .
Let now Γ be a linear connection of TM ֌M . The covariant derivative ∇ξ with respect
to the couple (Γ, κ)—see §3.1—is a section
M → T∗M ⊗
M
∧m−rT∗M ⊗E .
Under antisymmetrization, this yields the “covariant divergence”
∇·ξ = r∇arξa1...ar−1ar i dxa1...ar−1 ⊗ ∂yi : M → ∧m−r+1T∗M ⊗E ≡ Ωm−r+1E ,
which we want to compare with dκξ .
The relation between ∇·ξ and dκξ turns out to be governed by the torsion T of Γ, with
components T abc ≡ Γ ac b − Γ ab c . Consider the sections
τ ∧ ξ , T ∧¯ ξ : M → Ωm−r+1E ,
where τ is the torsion 1-form, with components τa = T
b
ab , and the symbol ∧¯ stands for
exterior product followed by interior product. We get the coordinate expressions
τ ∧ ξ = r ξa1...ar i τar dxa1...ar−1 ⊗ ∂yi ,
T ∧¯ ξ = r (r− 1)T ar−1bc ξa1...ar−2 bc i dxa1...ar−1 ⊗ ∂yi .
A coordinate computation then yields:
Proposition 1.1 (generalized replacement principle). We have
∇·ξ = dκξ − τ ∧ ξ − 12 T ∧¯ ξ .
1.3 Covariant prolongations in gauge field theory 5
Thus we see that ∇·ξ depends on Γ only via its torsion, and coincides with dκξ if T = 0 .
In particular:
• if r = 0 , ξ = ξi dmx⊗ ∂yi , then ∇·ξ = 0 ;
• if r = 1 , ξ = ξa i dxa⊗ ∂yi , then ∇·ξ = (∂aξai−κ iaj ξaj − τa ξai) d4x⊗ ∂yi = dκξ − τ ∧ ξ ;
• if r = 2 , ξ = ξab i dxab⊗∂yi , then
∇·ξ = 2 (∂aξba i − ξba j κ iaj − 12 ξac i T bac − ξba i τa)dxb⊗ ∂yi .
We will be specially involved (§3.3) in the situation when M is a pseudo-metric manifold
and ξ ≡ ∗ζ, where ∗ is the Hodge isomorphism and ζ : M → ΩrE. Then
ξa1...ar i =
√
|g| ga1b1 ···garbr ζ ib1...br .
Remark. The above introduced covariant divergence is somewhat different from the analogous
operation considered in most physics texts, which is defined as the contraction of the covariant
derivation index with a contravariant index of the tensor acted upon. For a comparison,
consider the interior product ξ˜ ≡ (η#|ξ) : M → ∧rTM ⊗E, where η# is the inverse of a
covariantly constant volume form η . Then we can introduce the covariant divergence ∇·ξ˜ by
interior product in ∇ξ˜ : M → T∗M ⊗∧rTM ⊗E ; a coordinate computation yields
∇˜·ξ = (−1)m(r−1)∇·ξ˜ .
1.3 Covariant prolongations in gauge field theory
The geometric setting underlying an essential gauge field theory is constituted by a vector
bundleE ֌M , possibly with some added fiber structure. For the moment we are not making
any special assumption about the base manifold M .
The construction of bundles of linear connections of E can be summarized as follows [2].
The first jet prolongation JE֌ E is an affine bundle, while JE֌M inherits the vec-
tor bundle structure. The affine sub-bundle Call ⊂ JE⊗E∗ over M , constituted by all el-
ements that project onto the identity 1E : M → E⊗E∗, can be regarded as the bundle of
all linear connections of E. Its ‘derived’ vector bundle is T∗M ⊗ EndE. We also note that
EndE ∼= E⊗E∗, the bundle of all linear fiber endomorphisms of E, has a Lie-algebra bundle
structure determined by the ordinary commutator.
If the fibers of E are endowed with a more specialized algebraic structure, then the linear
connections preserving it can be regarded as sections of an affine sub-bundle C ⊂ Call , with
derived vector bundle DC = T∗M ⊗L where L ⊂ EndE is a Lie-subalgebra bundle. The
curvature tensor of a connection can be regarded as a section M → ∧2T∗M ⊗L . Linear fiber
coordinates
(
yi
)
on E also determine linear fiber coordinates
(
yij
) ≡ (yi⊗ yj) on EndE. If we
deal with a Lie-subalgebra bundle L then we may choose ‘adapted’ coordinates
(
l
I
)
=
(
l
I j
i y
i
j
)
,
by which we essentially recover the familiar principal-bundle formalism. We will use this
notation just occasionally, as a shorthand, but it is easy to realize that all our results remain
valid in a restricted setting anyhow.
Remark. Any section ξ : M → ∧rT∗M ⊗L can be also regarded as a basic vertical-valued
form E → ∧rT∗M ⊗E VE. Accordingly, its covariant differential dκ with respect to a linear
connection κ could be, in principle, intended in two different ways, since κ also determines a
linear connection of L֌M . It is not difficult to check, however, that these two points of
view essentially yield the same dκξ , with the coordinate expression
dκξ =
(
∂a1ξa2...ar+1
I − [κa1 , ξa2...ar+1 ]I
)
dxa1 ∧ ··· ∧dxar+1 ⊗ lI ,
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where the bracket means ordinary commutator. A similar observation holds about equivalent
ways of regarding a linear connection and its curvature tensor.
Altogether, the ‘configuration bundle’ of an essential gauge field theory is F ≡ E×M C,
with sections φ : M → E and sections κ : M → C playing the role of ‘matter fields’ and
‘gauge fields’, respectively. A couple (φ, κ) yields the covariant differentials
dκφ : M → Ω1E , dκκ : M → Ω2L ,
so that we are led to consider the covariant prolongation bundle
DF ≡ F ×
M
Ω1E×
M
Ω2L
as an analogous of the first jet prolongation JF . We have the morphism
d : JF → DF
characterized by
d ◦ (jφ, jκ) = (φ, κ,dκφ,dκκ) , ∀ (φ, κ) : M → F ,
where jφ, jκ denote the first jet prolongations of sections.
We denote the induced fiber coordinates on C by
(
k iaj
)
, and the induced fiber coordinates
on Ω1E×M Ω2L by
(
xa, yi, zia , z
i
abj
)
. We get the coordinate expression
(
xa , yi , k iaj ; z
i
a , z
i
abj
)
◦ d =
(
xa , yi , k iaj ; y
i
a− kaij yj , −k iaj,b+ k ibj,a− [ka, kb]ij
)
,
[ka, kb]
i
j ≡ k iah k hb j − k ibh k ha j .
By a straightforward computation one proves:
Proposition 1.2 Let f : DF → R . Then there is a unique morphism dHf : JDF → T∗M
such that
dH(f ◦ d) = dHf ◦ Jd : J2F → T∗M ,
where the left-hand side is the standard horizontal differential of the function f ◦ d : JF → R
(here Jd is intended as restricted to holonomic jets). We have the coordinate expression
dHf = daf dx
a with
daf = ∂af + (z
i
a + k
i
aj y
j) ∂if + z
i
b,a ∂
b
i f + z
i
cbj,a ∂
cbj
if .
2 Covariant-differential Lagrangian field theory
2.1 Summary of Lagrangian field theory in jet space
For a reference, we sketch the standard geometric formulation of Lagrangian field theory,
which is widely discussed in the literature [37, 12, 11, 26, 17, 19, 39, 40, 4, 23, 25, 24]. A first-
order Lagrangian density on a fibered manifold E ֌M is defined to be a totally horizontal
m-form
L : JE → ∧mT∗M ⊂ ∧mT∗JE , m ≡ dimM .
We write its coordinate expression as L = ℓ dmx , with ℓ : JE → R .
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Consider a morphism v = va ∂xa + v
i ∂yi : JE → TE over E . Taking its jet prologation
restricted to holonomic jets, and composing it with the natural morphism JTF → TJF , we
get the natural prolongation [29, 2]
v(1) = v
a ∂xa + v
i ∂yi + v
i
a ∂y
a
i : J2E → TJE ,
via = dav
i − davb yib = (∂avi + ∂jvi yja + ∂bjvi yjab)− (∂avb + ∂jvb yja + ∂cjvb yjac) yib .
Though v is not a vector field on JE, we can introduce a generalized Lie derivative
LvL ≡ d(v|L) + v(1)|dL : J2E → ∧mT∗JE .
(This kind of order-raising procedure is used in some literature, in particular by authors
working on infinite jets [39, 36, 40].) We obtain the coordinate expression
LvL =
(
∂a(ℓ v
a) + ∂iℓ v
i + ∂ai ℓ (dav
i − davb yib)
)
dmx+ ℓ (∂iv
a dyi + ∂bi v
a dyib)∧ dxa .
We then see that there is a unique morphism δvL : J2E → ∧mT∗M over M , called the
(infinitesimal) variation of L determined by v , which is characterized by
δvL ◦ j2φ = jφ∗LvL ∀φ : M → E .
If v is vertical (va = 0) then we get
LvL = δvL = (∂iℓ vi + ∂ai ℓ davi) dmx =
=
(
(∂iℓ− da∂ai ℓ) vi + da(vi ∂ai ℓ)
)
dmx ≡
≡ E⌋v + dH(DL⌋v) : J2E → ∧mT∗M ,
where E : J2E → ∧mT∗M ⊗E V∗E is the Euler-Lagrange operator, and
DL = ∂ai ℓ dxa⊗ dyi : JE → ∧m−1T∗M ⊗V∗E ,
is the fiber derivative of L .
We can now express the “Principle of Least Action” as the following definition: a section
φ : M → E is called a critical field if for any regular compact subset K ⊂M and for any
vector field v : E → VE vanishing on ←p(∂K) ⊂ E one has∫
K
δvL ◦ j2φ ≡
∫
K
jφ∗LvL = 0 .
Critical fields then fulfill the EL field equation
Ei ◦ j2φ ≡ (∂iℓ− da∂ai ℓ) ◦ j2φ = 0 .
The above introduced fiber derivative DL, via natural operations and identifications, yields
the momentum form
P = Pai (dyi − yib dxb)∧ dxa : JE → ∧mT∗JE , Pai ≡ ∂ai ℓ ,
and the Poincare´-Cartan form C ≡ L+ P : JE → ∧mT∗JE . By straightforward computa-
tions one finds
δvP = 0 ⇒ δvC = δvL .
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If φ : M → E is any section then jφ∗(dyi − yib dxb) = 0 , whence
jφ∗(v(1)|C) =
[(
ℓ va + Pai (vi − yib vb)
)
◦ jφ
]
dxa .
Thus the first-order horizontal form
Jv =
(
ℓ va + Pai (vi − yib vb)
)
dxa : JE → ∧m−1T∗M
is characterized by Jv ◦ jφ = jφ∗(v(1)|C) for all sections.
One says that the morphism v is an on-shell (infinitesimal) symmetry of the field theory
under consideration if 0 = δvC ◦ j2φ = δvL ◦ j2φ for any critical section φ . Moreover, a form
Φ : JE → ∧m−1T∗JE is called a conserved current if jφ∗dΦ ≡ dHΦ ◦ j2φ = 0 for any critical
section φ .
By straightforward computations one finds that the condition that the section φ : M → E
be critical is equivalent to jφ∗(v(1)|dC) = 0 for any morphism v : JE → TE . The following
generalized version of the Noether theorem then holds: if v : JE → TE is an on-shell sym-
metry then v(1)|C : JE → ∧m−1T∗JE is a conserved current. More generally, if there exists
an m− 1-form ϕ : JE → ∧m−1T∗JE such that jφ∗LvL = jφ∗dϕ for all critical sections, then
v(1)|C −ϕ is a conserved current.
2.2 Covariant Lagrangian density and momentum
According to the Utiyama principle [38, 20, 18], in a gauge theory’s natural Lagrangian the
matter field’s derivatives appear through covariant derivatives, and a gauge field’s deriva-
tives appear through its curvature tensor. Thus all derivatives appear through the covariant
differentials of the fields.
Consider the configuration bundle F ≡ E×M C described in §1.3. Then
∇φ ≡ dκφ : M → Ω1E , ρ ≡ −dκκ : M → Ω2L ,
so that the Lagrangian density can be expressed as a morphism
Λ : DF ≡ F ×
M
Ω1E×
M
Ω2L→ ∧mT∗M ,
related to the usual Lagrangian density L : JF ≡ JE×M JC → ∧mT∗M by L = Λ ◦ d , that is
L ◦ (jφ, jκ) = Λ ◦ (φ,dκφ,dκκ) ≡ Λ ◦ d ◦ (jφ, jκ) .
Then we regard DF as playing a role analogous to that of JF in the standard presentation of
Lagrangian field theory, while (φ, κ,dκφ,dκκ) plays a role analogous to the first-jet prolonga-
tions of sections. We remark, however, that κ appears in Λ only through dκφ and dκκ . Thus
if we write the local expression Λ = λdmx we have ∂λ/∂k iaj = 0 .
We also introduce the “covariant momentum” morphism over M
Π ≡ (Π(0),Π(1),Π(2)) : DF → ΩmE∗×
M
Ωm−1E∗×
M
Ωm−2L∗
obtained by fiber derivative of Λ followed by a natural contraction. Using linear fiber coordi-
nates
(
yi
)
on E, and recalling the coordinate notations and conventions introduced in §1.1,
we get
Π(0) = Πi d
mx⊗ yi , Π(1) = Πai dxa⊗ yi , Π(2) = Πabji dxab⊗ yij ,
Πi ≡ ∂λ
∂yi
, Πai ≡
∂λ
∂z ia
, Πabji ≡
∂λ
∂z iabj
.
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Moreover we have
dΛ = dλ∧dmx = (Πi dyi +Πai dz ia +ΠabI dz Iab )∧ dmx .
Setting ℓ ≡ λ ◦ d we also get
∂ℓ
∂xa
=
∂λ
∂xa
◦ d , Pi ≡ ∂ℓ
∂yi
= (Πi −Πaj k jai) ◦ d , Pai ≡
∂ℓ
∂yia
= Πai ◦ d ,
Paji ≡
∂ℓ
∂k iaj
= (−Πai yj − 2Πabhi k jbh + 2Πab jh k hb i) ◦ d ,
Pb,aji ≡
∂ℓ
∂(k iaj),b
= −2Πabji ◦ d = 2Πbaji ◦ d .
2.3 Variations and field equations
If v = va ∂xa + v
i ∂yi + v
i
aj ∂k
aj
i : JF → TF then the corresponding infinitesimal variation of
L is (§2.1) δvL ≡ δvℓ dmx , with
δvℓ = (Pi − daPai) vi + (Pbji − daPa,bji ) v ibj + da(Pai vi + Pa,bji v ibj) +
+ va ∂aℓ+ ℓ dav
a − (yic Pai + k ibj,cPa,bji ) davc .
Let moreover v = u ◦ d with u : DF → TF . Then, recalling proposition 1.2, we obtain
δvℓ =
((
Πi −Πaj k jai − daΠai
)
ui +
(−Πbi yj − 2Πbchi k jch + 2Πbc jh k hc i − 2 daΠabji )u ibj +
+ da(Π
a
i u
i + 2Πabji u
i
bj) + u
a ∂aλ+ λdau
a − (yicΠai + 2 k ibj,cΠabji ) dauc
)
◦ Jd
In the sequel we will denote the covariant prolongation of (φ, κ) : M → F by the shorthand
d(φ, κ) ≡ d ◦ (jφ, jκ) ≡ (φ, κ,dκφ,dκκ) : M → DF .
Evaluating the “momenta” Π(r) : DF → ΩrE∗ through field prolongation we obtain sections
Π(r) ◦ d(φ, κ) : M → ΩrE∗ , r = 0, 1, 2 .
We can now apply the results of §1.1 and of §1.2 to these objects, with the only adjustment
that, since E is here replaced by E∗, their covariant differentials are
dκ
(
Π(r) ◦ d(φ, κ)
)
= [[
∗
κ , Π(r) ◦ d(φ, κ)]] : M → Ωr+1E∗ ,
where
∗
κ is the dual connection of κ . We obtain the coordinate expressions
dκ(Π
(1) ◦ d(φ, κ))i = (Πaj k
j
ai + daΠ
a
i) ◦ jd(φ, κ) =
= (Πaj ◦ d(φ, κ))κ
j
ai + ∂a(Π
a
i ◦ d(φ, κ)) ,
dκ(Π
(2) ◦ d(φ, κ))bji = −2
(
daΠ
abj
i − k jahΠabhi + k ha iΠab jh
)
◦ jd(φ, κ) =
= −2 ∂a(Πabji ◦ d(φ, κ)) − 2κ jahΠabhi ◦ d(φ, κ) + 2κ ha iΠab jh ◦ d(φ, κ) ,
which yield a natural interpretation of the coefficients of vi and of v ibj in δvℓ .
For the sake of simplicity we will now employ an abuse of language which is common in
physics texts: when the context is clear we may write Π(r) as a shorthand for Π(r) ◦ d(φ, κ) .
Similarly we may write Πai for Π
a
i
◦ d(φ, κ) and the like. From the above results we obtain:
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Theorem 2.1 Let (φ, κ) : M → F . The condition that ∫
K
δvΛ ◦ jd(φ, κ) vanishes for any suf-
ficiently regular compact subset K ⊂M and for any vertical-valued morphism v : JF → VF
is equivalent to the validity of the field equations

Π(0) − dκΠ(1) = 0 ,
Π(1)⊗φ− dκΠ(2) = 0 .
In simplified coordinate form, the above field equations can be written as

Πi − ∂aΠai − κ jaiΠaj = 0 ,
Πbi φ
j + 2 (∂aΠ
abj
i − κ jahΠabhi + κ ha iΠab jh ) = 0 .
Remarks.
a) Theorem 2.1 may remain valid if its statement is modified by making certain assumptions
about the type of the arbitrary morphism v , e.g. by restricting it to be a vertical vector field
on F or even a section M → VF .
b) It is not difficult to check that the above field equations for the couple (φ, κ) , when written
explicitely in coordinates, do coincide with the Euler-Lagrange field equations derived from
the Lagrangian density L in the standard theory.
c) We can formulate a theory of the field φ alone, in which the gauge field κ is a fixed
background structure; then the field equation is just the first of the equations derived in
theorem 2.1.
2.4 Further remarks about variations
In the usual formulation of Lagrangian field theory on jet space (§2.1), an “infinitesimal
variation” of the field φ : M → E can be described as a section δφ ≡ v : M → VE. One
avails of the natural isomorphism JVE ∼= VJE, which allows the identification of the first jet
prolongation jδφ : M → JVE as the variation δjφ ; this is needed in the derivation of the usual
Euler-Lagrange equations.
Commutation between field variation and field derivation is not valid when the role of
derivation is taken up by the covariant differential, so we get a slightly more involved situation.
In the context of the previously described essential gauge theory, an infinitesimal variation of
the field (φ, κ) in the above sense can be represented as a couple
(δφ, δκ) : M → E×
M
Ω1L
(since VE ∼= E×M E and VC ∼= C ×M Ω1L). It is then natural to set
δdκφ ≡ δ[[κ, φ]] ≡ [[δκ, φ]] + [[κ, δφ]] : M → Ω1E ,
δdκκ ≡ δ[[κ, κ]] ≡ 2 [[κ, δκ]] : M → Ω2L .
The reader may wish to compare these expressions to the Lie derivatives of a linear connection
of the tangent bundle of a manifold and its curvature tensor [41].
We can now recover the field equations by a procedure similar to the usual one. In fact,
using again the notational simplification of dropping the explicit evaluation of the involved
objects through the fields, we get δΛ = δλdmx : M → ∧mT∗M with
δλ =
〈
dλ , δd(φ, κ)
〉
= Πi δφ
i +Πai [[δκ, φ]]
i
a + 2Π
abj
i [[κ, δκ]]
i
abj =
= Πi δφ
i +Πai (∂aδφ
i − κ iaj δφj − δκ iaj φj) + 2Πabji
(
∂aδκ
i
bj + δκ
i
bh κ
h
a j − κ iah δκ hb j
)
=
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= (Πi − ∂aΠai −Πaj κ jai) δφi − 2
(
∂aΠ
abj
i −Πabhi κ jah +Πab jh κ ha i + 12 Πbi φj
)
δκ ibj +
+ ∂a(Π
a
i δφ
i + 2Πabji δκ
i
bj) .
Remark. An infinitesimal gauge transformation can be obtained as a different type of vari-
ation, determined by a section l : M → L . This can be regarded as a vertical vector field
v : E → VE via the rule v(y) ≡ (y, l(y)) , yielding
δφ ≡ v ◦ φ = l(φ) , δκ = [[κ, v]] = [[κ, l]] .
Clearly this transformation is not suitable for deriving field equations, as a natural Lagrangian
has to be invariant with respect to it.
2.5 Currents and energy-tensors
The Poincare´-Cartan form for an essential gauge field theory of matter and gauge fields is
C ≡ L+ P : JF → ∧mT∗JF where
P = (Pai (dyi − yib dxb) + Pa,bji (dk ibj − k ibj,c dxc))∧ dxa .
It is apparent that, in general, C cannot be completely recovered only in terms of covariant
prolongations. Nevertheless, the current associated with a morphism v : JF → TF can be
actually seen as an object “living” on DF , provided that v is of a suitably restricted type.
Let v = u ◦ d : JF → TF with u : DF → TF . We have the current associated with v , that
is the horizontal form (§2.1)
Jv = J a dxa : JF → ∧m−1T∗M ,
J a = ℓ va + Pai (vi − yib vb) + Pa,bji (v ibj − k ibj,c vc) .
We would like to write Jv = Iu ◦ d with Iu : DF → ∧m−1T∗M . Since
J a = (λua +Πai (ui − (zib + k ibj yj)ub) + 2Πabji (u ibj − k ibj,c uc)) ◦ d ,
we see that the obstruction to doing so lies in the need for expressing k ibj,c via a function on
DF ; the obstruction disappears, in particular, when u is vertical-valued.
Another special case is that of the “horizontal lift” of a vector field u = ua ∂xa on M .
Actually a natural generalization of the usual notion of horizontal lift of a basic vector field
via a connection, exploiting the notion of “overconnection” [2], yields the morphism
u↑ : E×
M
JC → TF
with the coordinate expression
u↑ = ua
(
∂xa + k
i
aj y
j ∂yi + (k
i
aj,b − k ha j kibh + khbj k iah) ∂k ibj
)
.
Inserting u↑ into J a in the place of v, by a short computation we obtain
J a = ub (λ δab −Πai zib − 2Πacji z ibcj) ◦ d .
Summarizing, we can express the above discussion as follows.
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Proposition 2.1 Let u : M → TM , w = wi ∂yi + w iaj ∂kaji : DF → VF , and set
v ≡ u↑ + w ◦ d : JF → TF .
Then there exists Iu,w : DF → ∧m−1T∗M such that Jv = Iu,w ◦ d , with the components
Ia = ub (λ δab −Πai zib − 2Πacji z ibcj)+Πai wi + 2Πabji w ibj .
The notion of “canonical energy-tensor” [5, 6, 7, 8, 28, 34, 35] is essentially about re-
lating conserved currents with vector fields on the base manifold. Though the expression
ℓ δab − φi,a ∂ai ℓ found in the literature is usually recognized to be devoid of geometric meaning
in general, its truly covariant modification introduced by Hermann [16] is still not very well-
known. The construction requires a connection of the theory’s configuration bundle, as this is
the most natural way to lift basic vector fields; in terms of the tensor’s coordinate expression,
it amounts to replacing the field’s ordinary derivative φi,a with its covariant derivative with
respect to the assumed connection [3, 2].
The Hermann construction is nicely suited to be extended to a theory of coupled matter
and gauge fields (φ, κ). In this case no extra structure is needed, as one avails of the covariant
differentials (dκφ,dκκ) ; one obtains the joint canonical energy-tensor
U : JF → ∧m−1T∗M ⊗T∗M ,
which has the coordinate expression
Uab = ℓ δab − Pai (yib − k ibj yj)− Pa,cji (−k iaj,b+ k ibj,a− [ka, kb]ij) =
=
(
λ δab −Πai zib − 2Πacji z iabj
)
◦ d ≡ Υab ◦ d .
We then see that there exists a unique “covariant canonical energy-tensor”
Υ : DF → ∧m−1T∗M ⊗T∗M
such that U = Υ ◦ d . Moreover for any basic vector field u we have Iu = Υ⌋u .
3 Field theory in spacetime
3.1 Gauge field theory on a General Relativistic background
We consider an essential gauge field theory setting as in §2.2, but now the base manifold
M is assumed to be an oriented Lorentz spacetime (m = 4). We will denote the metric, the
spacetime connection and the unit volume form as g , Γ and η , respectively.
We allow the matter field φ to have spacetime indices, namely the interacting matter and
gauge fields constitute a section
(φ, κ) : M → F ≡ (E⊗Y )×
M
C
where Y ⊂ (⊗TM)⊗ (⊗T∗M) is a vector sub-bundle of the tensor algebra of TM . Thus
φ can be regarded as a charged bosonic field of possibly non-zero spin (in §3.3 we will also
consider fermionic fields).
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We indicate fiber coordinates of E⊗Y as yiA, where A represents the appropriate set of
spacetime indices. Accordingly, the coefficients of the connection of Y determined by the
spacetime connection will be denoted as ΓAa B . We have the covariant differential
∇φ ≡ dκ⊗Γφ ≡ [[κ⊗Γ , φ]]
where the “tensor product connection” κ⊗Γ is the induced connection of E⊗Y , namely
∇aφiA = ∂aφiA − κ iaj φjA − ΓAa B φiB ,
and the field (φ, κ) : M → F has the covariant prolongation
d(φ, κ) ≡ d ◦ (jφ, jκ) ≡ (dκ⊗Γφ , dκκ) .
The basic setting laid out in §2.2 must be now adjusted. On DF ֌M we have fiber
coordinates
(
yiA, k iaj , z
iA
a , z
i
abj
)
. The “covariant” momentum morphism
Π ≡ (Π(0),Π(1),Π(2)) : DF → (ΩmE∗⊗Y ∗)×
M
(Ωm−1E∗⊗Y ∗)×
M
Ωm−2L∗
has components
(
ΠiA , Π
a
iA , Π
abj
i
)
, and the components of the standard momentum P are
related to these by
PiA =
(
ΠiA −ΠajB (k jai δBA + δji ΓBa A)
)
◦ d , PaiA = ΠaiA ◦ d , Pb,aji = 2Πbaji ◦ d .
The procedure which led to theorem 2.1 can be adapted to this situation without difficulty,
and employing again the notational simplification used there—Π(r) for Π(r) ◦ d(φ, κ) and the
like for the momentum components—we find the field equations

Π(0) − dκ⊗ΓΠ(1) = 0 ,
Π(1)⊗φ− dκΠ(2) = 0 ,
that is, in coordinate form,

ΠiA −ΠajB (κ jai δBA + δji ΓBa A)− ∂aΠaiA = 0 ,
ΠbiA φ
jA + 2 (∂aΠ
abj
i +Π
ab j
h κ
h
a i −Πabhi κ jah) = 0 .
Remark. By contraction with the inverse η# of η we get (§1.2) the “contravariant momentum”
Π˜ ≡ (Π˜(0), Π˜(1), Π˜(2)) : DF → (E∗⊗Y ∗)×
M
(TM ⊗E∗⊗Y ∗)×
M
(∧2TM ⊗L∗) ,
with the components
Π˜iA = ΠiA/
√
|g| , Π˜aiA = Π
a
iA/
√
|g| , Π˜abji = Π
abj
i /
√
|g| .
The replacement principle for Π(1) holds, in the present case, in the modified form
(∇·Π˜(1))iA = 1√|g| (∇·Π(1))iA = 1√|g| (dκ⊗ΓΠ(1) − τ ∧Π(1))iA =
= 1√
|g|
(∂aΠ
a
iA + κ
j
aiΠ
a
jA + Γ
B
a AΠ
a
iB − τaΠai) ,
while it is unchanged for Π(2) . Hence the field equations can be recast in terms of covariant
divergences in the form 

Π˜(0) −∇·Π˜(1) = torsion terms ,
Π˜(1)⊗φ−∇·Π˜(2) = torsion terms .
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3.2 Stress-energy tensor
We now revisit, in the context introduced in §3.1, the usual approach to stress-energy ten-
sors in Einstein spacetime. This notion develops from considering infinitesimal deformations
determined by a “basic” vector field u : M → TM , so it should be related to the procedure
yielding the “canonical” energy-tensor (§2.5); it is actually well-known [13] that in standard
theories the two objects are nearly the same.
The argument under consideration is based on the notion of Lie derivative of the fields with
respect to u ; the usual formulation [27, 15] explicitely considers fields with spacetime indices
only. If the fields also have indices of other kinds then their Lie derivatives are not well-defined
in general, but the argument can be successfully carried on by employing a suitable extension.
One such extension can be introduced in terms of a possibly local, linear “reference con-
nection” κ of E. For any ξ : E → ∧rT∗M ⊗E TE we consider the “covariant Lie derivative”
δξ ≡ Lκ,uξ ≡ iudκξ + dκ(iuξ) : E → ∧r+1T∗M ⊗
E
VE .
Then by comparing coordinate expressions it is not difficult to show that
Lκ,uξ = (Lu⌋κξ)⌋ωκ ,
where Lu⌋κξ is the ordinary Lie derivative of ξ , seen as a tensor field on E, with respect to the
horizontal lift u⌋κ : E → TE, and ωκ : TE → VE is the vertical projection form associated
with κ . (See Kolarˇ-Michor-Slovak [20] for a discussion of Lie derivatives from a general point
of view.)
For ξ : M → ΩrE we then get δξ : M → ΩrE. If σ : M → E is a section and κ is a linear
connection of E then we easily find
δdκσ = dκδσ − (δκ)⌋σ .
For t : M → Y let us now define δt ≡ Lut to be the standard Lie derivative. Then it is not
difficult to see that the operator δ can be naturally extended, via linearity and the Leibnitz
rule, to act on sections φ : M → E⊗Y . Similarly we set
δ(κ⊗Γ) ≡ δκ⊗Γ + κ⊗ δΓ ,
where δΓ ≡ LuΓ is the standard Lie derivative of the (tensor extension of the) spacetime
connection [41]. We obtain
δ∇φ = ∇δφ− δ(κ⊗ Γ)⌋φ i.e. (δ∇φ) iAa = ∇aδφiA − δκ iaj φjA − δΓAa B φiB ,
δ[[κ, κ]] = 2 [[κ, δκ]] , δ[[Γ,Γ]] = 2 [[Γ, δΓ]] ,
δ[[κ⊗ Γ, κ⊗Γ]] iAab jB = 2 [[κ, δκ]] iabj δAB + 2 δij [[Γ, δΓ]] Aab B ,
[[κ, δκ]] iab = ∂aδκ
i
bj − κ iah δκ hb j + δκ ibh κ ha j .
Remark. We may choose κ to be curvature-free (a local gauge); then we may work in local
charts such that the coefficients of κ vanish, getting
δsi = ua ∂as
i , δκ ibj = ∂bu
a κ iaj + u
a ∂aκ
i
bj .
Such choice is then equivalent to using standard expressions for Lie derivatives by ignoring
the fiber indices of E ; namely, these indices are now seen as mere labels, so that e.g.
(
si
)
is
treated as a collection of scalar functions and
(
κ ibj
)
is treated as a collection of 1-forms on
M . Or, we could use κ itself as the reference connection, obtaining in particular δκ = iudκκ .
3.3 Gauge field theory examples 15
Expressing the Lagrangian density as Λ = λ˜ η we get
δΛ = (δλ˜) η + λ˜ δη , δη = 12 g
ab δgab η (with δgab ≡ Lugab) ,
δλ˜ = ∂λ˜
∂gab
δgab + Π˜iA δφ
iA + Π˜aiA (δ∇φ) iAa + 2 Π˜abji [[κ, δκ]] iabj =
= ∂λ˜
∂gab
δgab − Π˜aiA δΓAa B φiB +
+
(
Π˜iA −∇aΠ˜aiA
)
δφiA +∇a(Π˜aiA δφiA) + 2∇a(Π˜abji δκ ibj) +
+
(−Π˜biA φjA − 2 ∂aΠ˜abji + Γ cac Π˜abji − 2κ ha i Π˜ab jh + 2 Π˜abhi κ jah) δκ ibj ,
where we assumed that λ˜ depends on the base coordinates only through the metric and its
derivatives.
We now make the further assumption that Γ is the the Levi-Civita connection, namely it
is torsionless in addition to being metric. Then by standard computations one shows that the
second term in the above expression of δλ˜ can be expressed in the form
−Π˜aiA δΓAa B φiB = Sab δgab + a divergence ,
where S is a symmetric tensor field. Moreover we observe that the vanishing of the torsion,
taking the replacement principle (§1.2) into account, implies that the coefficients of δφiA and
δκ ibj in δλ˜ vanish when (φ, κ) obeys the field equations. Hence, picking out those terms in δΛ
that are not divergences and do not vanish on-shell, we prove:
Theorem 3.1 Let (M , g) be a Lorentz spacetime and Γ the related Levi-Civita connection.
Let Λ = λ˜ η : DF → ∧4T∗M be such that λ˜ explicitely depends on spacetime coordinates only
through g and its derivatives. There there exists a unique morphism
T : JDF → T∗M ⊗T∗M ,
called the stress-energy tensor, with the following property: if the vector field u : M → TM
vanishes on the boundary of the compact subset D ⊂M and (φ, κ) obeys the field equations,
then ∫
D
δΛ ◦ d(φ, κ) =
∫
D
(T ab ◦ jd(φ, κ)) δgab η .
Moreover T turns out to be symmetric, as we obtain the coordinate expression
T ab = ∂λ˜
∂gab
+ 12 λ˜ g
ab + Sab ,
where S is the symmetric tensor arising from the dependence of Λ from the derivatives of g
through the spacetime connection.
By a standard argument then one also proves:
Theorem 3.2 The stress-energy tensor is “on-shell” divergence-free, namely for any critical
field (φ, κ) : M → F we have
∇·(T ◦ jd(φ, κ)) = 0 .
3.3 Gauge field theory examples
We work out the basic examples, in the covariant differential setting, of a gauge field in-
teracting with either a boson field or a Dirac field. The gauge Lagrangian is defined to be
Λgauge = λgauge d
4x with
λgauge =
1
4 g
ac gbd z iabj z
j
cd i
√
|g| .
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Bosonic field
As for the matter field we consider a complication with respect to the general scheme, namely
it now consists of a couple
(φ, φ¯) : M → (E⊗Y )×
M
(E∗⊗Y ∗)
of mutually independent fields valued into mutually dual bundles. In the usual formulations
φ and φ¯ are often regarded as mutually adjoint fields through some Hermitan fiber structure,
but that particularization is not needed here.
It is not difficult to see that the field equations (theorem 2.1) must now be rewritten in
the adapted form 

Π(0) − dκ⊗ΓΠ(1) = 0 ,
Π¯(0) − dκ⊗ΓΠ¯(1) = 0 ,
Π(1)⊗φ− φ¯⊗ Π¯(1) − dκΠ(2) = 0 ,
that is 

ΠiA −ΠajB (κ jai δBA + δji ΓBa A)− daΠaiA = 0 ,
ΠiA +ΠajB (κ iaj δ
A
B
+ δij Γ
A
a B)− daΠaiA = 0 ,
ΠbjA φ
iA −ΠbiA φ¯jA + 2 (∂aΠabji +Πab ih κ ha j −Πabhj k iah) = 0 ,
where Π¯(0) and Π¯(1), with components ΠiA and ΠaiA, denote the momenta related to the dual
sector, and compositions of the momenta by d(φ, φ¯, κ) are intended. Note that the same gauge
field interacts with φ and φ¯ . On the other hand we could consider independent gauge fields
κ and κ¯ , getting one more field equation; then by identifying κ¯ as the dual of κ (κ¯ jai = −κ jai)
we obtain the above field equation for κ .
We set Λ ≡ Λmatter + Λgauge with Λmatter = λboson d4x and
λboson =
1
2 (g
ab zaiA z
iA
b −m2 yiA yiA) .
The explicit derivation of the field equations is now a straightforward task (maybe some-
what simpler than their usual derivation as the Euler-Lagrange equations). The momenta can
be immediately expressed in coordinate-free form as
Π(0) = −12 m2 η⊗ φ¯ , Π¯(0) = −12 m2 η⊗φ ,
Π(1) = 12 ∗dκ⊗Γφ¯ ≡ 12 ∗∇φ¯ , Π¯(1) = 12 ∗dκ⊗Γφ ≡ 12 ∗∇φ ,
Π(2) = 12 ∗dκκ ,
where ∗ denotes the Hodge isomorphism. Hence the field equations can be cast (up to obvious
transpositions) in the coordinate-free form


∇(∗∇φ¯) +m2 η⊗ φ¯ = 0 ,
∇(∗∇φ) +m2 η⊗φ = 0 ,
(∗∇φ¯)⊗φ− φ¯⊗ (∗∇φ)− dκ∗dκκ = 0 .
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Using shorthands ρ ≡ −dκκ , ρabij ≡ gac gbd ρ icdj , we find the coordinate expressions

1√
|g|
∂a(g
ab∇bφ¯iA√|g| ) +m2 φ¯iA + gab∇bφ¯jB (κ jai δBA + δji ΓBa A) = 0 ,
1√
|g|
∂a(g
ab∇bφiA√|g| ) +m2 φiA − gab∇bφjsB (κ iaj δAB + δij ΓAa B) = 0 ,
1√
|g|
∂a
(
ρabij
√
|g|
)
+ ρabih κ
h
a j − κ iah ρabhj + 12 gab (φ¯j ∇aφi −∇aφ¯j φi) = 0 .
By virtue of the replacement principle (§1.2), the field equations can also be written in
terms of covariant divergences.
Spin-12 field
The geometric setting for Dirac spinors in curved spacetime has finer points, not examined
here, that are widely discussed in the literature. My own view about this subject has been
expressed in previous papers [1, 2].
The 4-spinor bundle W ֌M is endowed with a linear morphism γ : TM → EndW
whose components (the “gamma matrices”) are constant in a suitable frame. Allowing further
internal degrees of freedom besides spin, the matter field can be described as a section
(ψ, ψ¯) : M → (W ⊗E)×
M
(W ∗⊗E∗) .
Besides the gauge field we have to deal with a spinor connection  Γ, that is a linear connection
of W ; in the present context it is considered as a fixed structure, related to the gravitational
background. The tensor product connection  Γ⊗κ of W ⊗E has then the components
( Γ⊗κ) αia βj =  Γαa β δij + δαβ k iaj .
The field equations are now


Π(0) − [[ Γ⊗κ , Π(1)]] = 0 ,
Π¯(0) − [[ Γ⊗κ , Π¯(1)]] = 0 ,
Π(1)⊗ψ − ψ¯⊗ Π¯(1) − [[κ , Π(2)]] = 0 ,
that is 

Παi −Πaβj ( Γ⊗κ) βja αi − ∂aΠaαi = 0 ,
Παi +Πaβj ( Γ⊗κ) αia βj − ∂aΠaαi = 0 ,
Πbαj ψ
αi − ψ¯αj Πbαi + 2 (∂aΠab ij +Πab ih κ ha j −Πabhj κ iah) = 0 .
Comparing these to the generic field equations in a gravitational background (§3.1) one notes
that here the spinor indices take up the role of the spacetime indices there.
The gauge sector Lagrangian is the same as in the boson case. The matter Lagrangian is
the Dirac Lagrangian λDirac d
4x , with
λDirac =
(
i
2 g
ab (yαi γ
α
a β z
βi
b − zaαi γ αb β yβi)−m yαi yαi
)√
|g| ,
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whence we get
Π(0) = (− i2 /∇ψ¯ −mψ¯)⊗ η ≡ ∗(− i2 /∇ψ¯ −mψ¯) ,
Π¯(0) = ( i2 /∇ψ −mψ)⊗ η ≡ ∗( i2 /∇ψ −mψ) ,
Π(1) = i2 ∗(ψ¯ γ) , Π¯(1) = − i2 ∗(γ ψ) .
The field equations for the matter field then become

i
2 [[ Γ⊗κ , ∗(ψ¯ γ)]] + ∗( i2 /∇ψ¯ +mψ¯) = 0 ,
i
2 [[ Γ⊗κ , ∗(γ ψ)]]− ∗( i2 /∇ψ −mψ) = 0 .
By some elaboration, these can be set in the usual form of the Dirac equations, namely

−i gab∇aψ¯βi γ βb α −mψ¯αi − i2 gab τa ψ¯βi γ βb α = 0 ,
i gab γ αa β∇bψβi −mψαi + i2 gab τa γ αb β ψβi = 0 ,
where τa is the torsion 1-form (§1.2).
As for the gauge field, we get the field equation
0 = −12 dκ∗dκκ+ i 〈∗γ , ψ¯⊗ψ〉 ,
with the coordinate expression
1√
|g|
∂a
(
ρabij
√
|g|
)
+ ρabih κ
h
a j − κ iah ρabhj − i gab ψ¯βj γ βa α ψαi = 0 .
Canonical energy-tensors
The canonical energy tensors (§2.5) for the considered boson, fermion and gauge sectors have,
respectively, the expressions
(Uboson)ab = λboson δab −ΠaiA∇bφiA −ΠaiA∇bφ¯iA =
=
(
1
2
(
gcd∇cφ¯iA∇dφiA) δab −m2 φ¯iA φiA δab − gac (∇cφ¯iA∇bφiA +∇bφ¯iA∇cφiA)
)√
|g| ,
(UDirac)ab = λDirac δab −Πaαi∇bψαib −Πaαi∇bψ¯αi =
= i2 (ψ¯αi γ
α
c β∇dψβi −∇cψ¯αi γ αd β ψβi) (gcd δab − gca δdb)
√
|g| −mψ¯αi ψαi δab
√
|g| ,
(U gauge)ab = λgauge δab + 2Πacji ρ ibcj =
(
1
4 ρ
cd i
j ρ
j
cd i δ
a
b − ρac ij ρ jbc i
)√
|g| .
Then it is not difficult to check that in all cases the canonical energy-tensor and the
stress-energy tensor are related by
Uab + Uba = −4Tab
(the symmetrization in the indices a and b is only required for the Dirac field), and that by
evaluation through critical fields one gets
∇·(Tmatter + Tgauge) = torsion terms.
We also note that Tmatter and Tgauge are not separately divergence-free: their sum is such.
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Gravitational field
The “metric-affine” approach to gravity can be treated in the covariant-differential formalism,
too. Let the gravitational field be represented by the couple
(
g,Γ
)
constituted by a spacetime
metric and a linear spacetime connection, and Λgrav = λgrav d
4x with
λgrav = g
ad δbcR
c
abd
√
|g| , R ≡ −dΓΓ .
Then we find Π(0) = G⊗ η , where G is the Einstein tensor, Π(1) = 0 , and
Πabdc ≡ (Π(2))abdc = 12
(
gbd δac − gad δbc
)√
|g| .
Accordingly, the field equations (theorem 2.1) turn out to be the Einstein equation for the
g-sector and the equation
dΓ
(
Π(2) ◦ (g,Γ)
)
= 0
i.e. ∂aΠ
abd
c − Γ da eΠabec + Γ eacΠabde = 0 ,
for the Γ-sector. After some elaboration this can be written in the form
∇c(gbd√|g| ) = torsion terms.
If the torsion is assumed to vanish then this is equivalent to ∇cgbd = 0 .
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